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GENERALIZED JOSEPH’S DECOMPOSITIONS 


ARKADY BERENSTEIN AND JACOB GREENSTEIN 


Abstract. We generalize the decomposition of !7ij(0) introduced by A. Joseph in [5] and relate 
It, for 0 semisimple, to the celebrated computation of central elements due to V. Drinfeld ([2]). 
In that case we construct a natural basis in the center of Uq{Q) whose elements behave as Schur 
polynomials and thus explicitly identify the center with the ring of symmetric functions. 


1. Introduction and main results 

1.1. Let H be an associative algebra with unity over a field k and let ^ be a full abelian subcategory 
closed under submodules of the category H — Mod of left R-modules. Suppose that we have a 
“finite duality” functor * : Mod—with V* G V* = Homiij(P,k) (with equality if and only 

if V is finite dimensional) with its natural right R-module structure, such that the restriction of the 
evaluation pairing (•c)u : V®V* —>■ k to E( 8 >E* is non-degenerate for all objects E in (see § 2.1 for 
the details). Following [4], we define /3v ■ V ( 8 )£)(y) E* —>■ H* where D{V) = End/f E* = (End^f V)°P 
by 

(3v{v® f){h) = {h>v,f)v = {vj <ih)v, V eV, f eV*, h € H, 

where l> (respectively, <) denotes the left (respectively, right) R-action. It is easy to see that f3v 
is well-defined. Set Hy = Im/3\/- Recall that E 0 E* and H* are naturally R-bimodules. The 
following is essentially proved in [4, §3.1] and [3, Corollary 1.16] 

Proposition 1.1. (a) For all E G fiv is a homomorphism of H-bimodules and Hy depends 
only on the isomorphism class of V. Moreover, if V,V' G ^ are simple and Hy = Hy, then 
V ^ E'; 

(b) Hy^y, = Hy J- Hy, for all V, V G In particular, Hy^^ = Hy for all n G N. 

(c) IfV 0D{V) is simple as an H-bimodule then /3y is injective. 

(d) IfVis simple finite dimensional then V < 8 )i 5 (y) E* is simple as an H-bimodule and hence fly is 
injective. 

It is natural to call Hy a generalized Peter-Weyl component. Denote H^ = ^[v]elso‘^ 
iJy = ©[y]giso° -^U) where Iso^ (respectively, Iso° ^) is the set of isomorphism classes of objects 
(respectively, simple objects) in By definition there is a natural homomorphism of R-bimodules 
iJy —>■ H^. Clearly, under the assumptions of Proposition 1.1(c) it is injective. Note that H^ = 
I^[u]ga Hy for any subset A of Iso^ which generates it as an additive monoid. The following 
refinement of [4, Theorem 3.10] establishes the generalized Peter-Weyl decomposition. 

Theorem 1.2. Suppose that all objects in ^ have finite length. Then 

(a) if H^ = iJy then ^ is semisimple; 

(b) if^ is semisimple and V '^d{V) is simple for every E G ^ simple then H^ = H^. 
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1.2. Henceforth we denote by the full subcategory of ^ consisting of all finite dimensional 

objects. Clearly V 0 V*, V G is a unital algebra with the unity ly', set := /3r/(ly) G Hy. 

For example, li H = kG for a finite group G then for any finite dimensional Ff-module V we have 
^v{g) = 9 ^ G where try denotes the trace of a linear endomorphism of V. 

Given an i?-bimodule B, define the subspace of Ff-invariants in B by B^ = {b ^ B : ht>b = 
b<h, V/i G H} [B^ is sometimes referred to as the center of B). Clearly, zy G (Hy)^ , zy{lH) = 
dimkH 7 ^ 0 and (Hy)^ = kzy if End// V = kid^/. Set = X][y]Glso^ Given V denote 
|1/| its image in the Grothendieck group iFo('^) of The following result contrasts sharply with 
Proposition 1.1 and Theorem 1.2 for non-semisimple 

Theorem 1.3. Suppose that’W = Then the map Kq{^) Z^g given by |P| i—>■ zy, [P] G Iso"^ 

is an isomorphism of abelian groups. 

1.3. To introduce a multiplication on Z^g C {H^)^ C we assume henceforth that H = 
{H, m, A, e) is a bialgebra and that ^ is a tensor subcategory of FF — Mod. Note that H* is an 
algebra in a natural way. It is easy to see (Lemma 2.4) that (H*)^ is a subalgebra of H*. We also 
assume that there is a natural isomorphism (V 0 V')* = V* 0 V* in mod —FF for all V, V G ^. 

Theorem 1.4. (a) Hy ■ Hy, = Hy^y, for all V,V' G In particular, H^ is a subalgebra of H*; 

(b) Zy ■ zyi = zy^yi for all V, V G In particular, if'^ = then Z,g is a subring of (FF^)^ 

and the map Kq{^) —?> Z<g from Theorem 1.3 is an isomorphism of rings. 

Thus, it is natural to regard Z^g as the character ring of 

1.4. It turns out that we can transfer the above structures from H^ to FF if FF = (FF, m, A, e, S) is a 

Hopf algebra. For an FF-bimodule B define left actions ad and o on FF via (ad h){b) = /i(/)l> 6 <lS'(/i( 2 )) 
and hob = 5 ^(/i( 2 )) >b< 5(/i(i)), h G H, b G B, where A( 6 ) = 0 6 ( 2 ) iii Sweedler’s notation. 

Fix a categorical completion H0H such that (/ 0 1)(H0H) C FF for all / G FF^. Equivalently, 
‘hp : FF^ H, f ^ {f 0 1)(P) is a well-defined linear map. Denote jP(FF) the set of all P G H0H 
such that P ■ {S^ 0 l)(A(/i)) = A(/i) • P for all h G H. Glearly, jP(FF) is a subalgebra of H0H. 
Elements of jP(FF) are analogous to M-matrices (see e.g. [13]). For V G CB^, set cy = cy^p := 
^p{zy) G <I>p((FF^)^). Let Z{H) be the center of FF. 

Theorem 1.5. Let P G £/{H). Then $p : H^ H is a homomorphism of left H-modules, where 
FF acts on H^ and FF via o and ad, respectively. Moreover, <I>p((FF^)'^) C Z{H) and the assignment 
|P| t—>• Cy, [P] G Iso'^'^*"' defines a homomorphism of abelian groups ch<^ : Kq{^Bi^'^ Z{H). 

Surprisingly, <I>p is often close to be an algebra homomorphism. To make this more precise, we 
generalize the notion of an algebra homomorphism as follows. Let A, B be k-algebras and let ^ 
be a collection of subspaces in A. We say that a k-linear map H —>• FF is a -homomorphism if 
$(!/) • <!>([/') C <h([/ • U') for all FF, U' G We say that is multiplicative if FF • FF' G ^ for all 
FF, FF' G It is easy to see that \^\ := FF is a subalgebra of A and 4>(|^|) is a subalgebra 

of FF for any multiplicative family 

In what follows we denote .^<g the collection of all subspaces of FF* of the form Hy where P G 
By Theorem 1.4, is multiplicative. 

Example 1.6. Let FF = kG where G is a finite group and be the category of its finite dimensional 
representations. Then the assignment 6g 1 —>■ g~^ where 6g{h) = 6g^h, g,h G G defines an isomorphism 
of FF-bimodules $ : FF* ^ FF. Let = {Hy ■ G Iso° ^,’HomG(P, P ® P) 7 ^ 0} C If 
|G| G k^ then <I> is an ^'c-homomorphism since <I>(FFy) • ^{Hy,) = 0 if [P] 7 ^ [P'] G Iso°^ and 
<I>(FF(>) • 4>(FF* ) = ch(FF* ). 

Denote by ./^{H) the set of all P G H0H such that 4>p is an .^^-homomorphism and by ./^q{H) 
the set of all P G (FF) such that <I>p restricts to a homomorphism of algebras (FF^)^ —>■ Z[H). We 
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abbreviate Hv,p ■= ^p{Hy) and H^p := ^p{H^) = Since is multiplicative, 

H^ P is a subalgebra of H for P £ ^{H). The following is immediate. 

Proposition 1.7. Suppose that P £ ^{H) r\^{P[) and d>p is injective. Then: 

(a) IfV 0D(v) V* ® simple H-bimodule then it is isomorphic to Hy^p as a left H-module; 

(b) H<g p = ©[y]Glso° *-5 semisimple and V <8>pi(v') V* is simple as an H-himodule for 

each V simple; 

(c) If P £ .y^o{H) then ch>^ : > Z{p[) is injective. 

The following theorem provides a sufficiently large subclass of 32^(i?)n.y# {P[) and £/{H)<Ti.Mq{H). 

Theorem 1.8. Suppose that P £ s^{H) such that (A ( 8 > 1)(P) = {m 0 m'S> 1)((T' ( 8 ) 1 )^ 15 ^ 35 ) for 
someT £ . Then P £ Moreover, if {m°P 0m°P){T) = 18)1 then P £ 

It should be noted that .y^{H) and are not exhausted by the above condition. 

Example 1.9. Suppose that char k 7 ^ 2, 3 and let P\^^ = | 1 < 8 ) <t + ^ [si 8 ) (1 + (2/r — l)si — 

{n + l)(s 2 + S 1 S 2 S 1 ) + S 1 S 2 + S 2 'Si)] 53 + 11 [siS 2 8 (2 + (A - l)siS 2 - (A + l)s 2 Si)] where A, /r £ k, 
Si = {i,i + 1) and we abbreviate \x\^ := '^g^cig <S> g)x(g~^ 0 g~^) for x £ kG 8 kG. Then one 
can show that P^ ^ £ (H) fl .y^o{P[) and that is an isomorphism if and only if (A, g) £ (k^)^. 

However, there is no T £ such that the condition of Theorem 1.8 holds. 

It turns out that P £ 32 /(kG) with $p injective does not always exist for a given finite 

group G (for instance, it does not exist for dihedral groups different from S 2 x S 2 and S^) and thus 
it would be interesting to classify all finite groups G which admit such a P. Its existence provides a 
decomposition of kG into a direct sum of adjoint G-modules Hy^p over all simple kG-modules V (a 
mock Peter-Weyl decomposition) which is an alternative to the well-known Maschke decomposition 
into the direct sum of matrix algebras. As a further example, we constructed an 8 -parameter family 
of such P for G = S' 4 . The answer is rather cumbersome (it involves 34 terms of the form [g 8 ®]s 4 , 
g £ S' 4 , X £ kS 4 ) and is available at https://ishare.ucr.edu/jacobg/jdec-example.pdf). 

Specializing Proposition 1.7 and Theorem 1.8 to quantized universal enveloping algebras we can 
recover Joseph’s decomposition ([5]). Namely, let H = t/q(g) for a Kac-Moody algebra g and be 
the (semisimple) category of highest weight integrable t/g(g) -modules (of type 1 , see e.g. [ 1 ]); then 
V* is the graded dual. Let A"*" be the monoid of dominant weights for g and denote V (A) a highest 
weight simple integrable module of highest weight A £ A"*". We construct P = Pg with 4>Pj injective 
in Lemma 2.9 and obtain the following Theorem which refines results of [5]. 

Theorem 1.10. (a) For A £ A+, P[y(^x),p = ad [/q(g)(iL 2 A) — V{X) 8 H(A)*. 

(b) X]AeA+ ad t/g(g)(Ar 2 A) is direct and is a subalgebra ofUq{Q). 

Furthermore, part (c) of Proposition 1.7, which generalizes a classic result of Drinfeld ([2]), yields 

Theorem 1.11. Let g be semisimple. Then the assignment |P| 1 — >■ cy defines an isomorphism of 
algebras Q{q) 8 z A:o(g - mod) ^ Z{Ug{g)). 

This provides the following refinements of classic results of Duflo, Harish-Chandra and Rosso ([10]). 

Corollary 1.12. For g semisimple, Z[Uq{g)) is freely generated by the where the oj are 

fundamental weights of q, and Cy(A)Cy(/ 4 ) = 8 H(//) : P(i")]cy(j,) for any A,/i £ A+. 

Acknowledgments. We are grateful to Anthony Joseph for explaining to us his approach to the 
center of quantized enveloping algebras and to Henning Andersen, David Kazhdan and Victor Ostrik 
for stimulating discussions. This work was completed during a visit of the second author to the 
Institut Mittag-Leffler (Djursholm, Sweden) whose support is greatly appreciated. 
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2. Notation and proofs 

Recall that, given an iJ-bimodule B, B* is naturally an ff-bimodule via {h>f<h'){b) = f{h't>b<h), 
f £ B*, h,h' £ H, b € B. In particular, H* is an i7-bimodule. 

2.1. Proof of Theorem 1.3. The following are immediate. 

Lemma 2.1. {V, W*)v®w = 0 = (IT, V^)v®w- 

Lemma 2.2. Let V, W be left H-modules and let p : H ( 8 )k IT —)• T he a ^-linear map. Then: 

(a) the assignment h Op {v, w) = (/i 0 t + p{h 0 w),h> w), h £ H, v £ V, w £ W, defines a left 

H-module structure V ©p IT on T © IT if and only if 

p{hh' ®w)= p{h © /i' 0 jo) + /i 0 p{h' © w), h,h' £ H, w £ W. (2.1) 

In that case V is an H-submodule ofV ©p IT and IT = (T ©p W)IV. 

(b) A short exaet sequence of H-modules 0—^T—)-IT—)-0is equivalent to 0 —)• T —>• 
T ©p IT —IT — 7 > 0 for some p satisfying (2.1). 

Thus, given V C C/ in we can replace the natural short exact sequence 0 ^ T U ^ UjV —)■ 
0 by the one from Lemma 2.2. 

Lemma 2.3. Let V, W be left H-modules and let p he as in Lemma 2.2. Then fiv®pw{x y) = 
fivix) + fiv{y) for any x £ T © T*, y £W ® IT*. 

Proof. It suffices to verify the assertion for x = n © / and y = w^g,v£V,w£W,f£ T*, 
g £ IT*. We have by Lemmata 2.1, 2.2(a) 

l3v(Bpw{v © / + JO © g){h) = (/i Op n © / + h Op JO © g)v(BW 

= {h>v,f)v + {p{h^w),f)v(BW + {h>w,g)w = fiv{v^ f ){h) + fiw{w ^ 9){h). □ 

Since lv®pW = ly + IvF where ly £ T © V*, Iw £ IT © IT*, it follows from Lemma 2.3 that 
zv®pW = ZV + zw and the map Ko{^) \V\ i-A ^;y is a well-defined surjective homomorphism 

of abelian groups. Also, zy £ X][5]elso°^ each V £'rf = because it has finite length. 

Since the set {zv}[v]elso° V T is k-linearly independent by Proposition 1.1(d), the injectivity 
follows. □ 

2.2. Algebra structure on Henceforth we assume that H = {H,m, A,£) is a bialgebra. 
Then H* is a unital algebra with the multiplication defined by ■ f,){h) = <?i(h(i))^(/i( 2 )), h £ H, 

£ H*, A(/i) = /i(i) © /i( 2 ) in Sweedler notation and the unity is e. 

Lemma 2.4. (H*)^ is a subalgebra of H*. 

Proof. Observe that 6 £ (H*)^ if and only if 6 (hh') = Sih'h) for all h,h' £ H. Then, given 
h,h' £H and .e' £ (H*)^ we have 

(? • e){hh') = e(/i(i)/i'(i))e'(/i( 2 )/i( 2 )) = C(/i(i)^i))C'(/i( 2 )^( 2 )) = (C • Oih'h). □ 

Proof of Theorem I. 4 . Note that in the category of k-vector spaces there is a natural isomorphism 
K : (T © V*) © (V © V'*) ^ (T © V) © (T © T')*, k(u © / © u' © /') = u © T © /' © /, u £ T, 
v' £ V', f £ T*, /' £ V*. Then, clearly, (•, •)yig)y' o k = (•, •)y © (•, •)y' which immediately 
implies that /3y © fiv' = fiv®V' ° ^ where fiu := fiu o ttu where tt^/ : C/ ©k [/* ^ 17 ®d{U) i® 
the natural projection. This proves the first assertion and also the second once we observe that 

ly(g)y' = ^(ly ® ly')- ^ 
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2.3. The Hopf algebra case. Suppose now that H = [H, m, A, e, S) is a Hopf algebra. Since H 

is naturally an i7-bimodule, ad : —)• End^ H is a, homomorphism of algebras. We also define 
ad* : —>■ Endki? by {ad* h){h') = which is a homomorphism of algebras. 

Henceforth, given a G we write it in Sweedler-like notation as a = oi (8> • • • (8) On with summation 
understood. 

Proof of Theorem 1.5. We need the following equivalent descriptions of £/{H). 

Lemma 2.5. Let P = Pi 0 P 2 G H®H. The following are equivalent: 

(a) P-{S^® 1)0 A{h) = A{h) ■ P; 

(b) (1 (g) /i) • P = (ad* /i(i))(Pi) (g ^2^1(2); 

(c) (ad*/i (g 1 )(P) = (1 (g ad/i)(P). 

Proof. By (a) we have /i(i) (g PiS'^(/i(2)) <g P2^(3) <g /i(4) = /i(i) <g h(2)Pi ® /i(3)-P2 g /i(4) for all h G H. 
Then (b) and (c) follow by applying m{S g 1 ) g 1 g e and m{S g 1 ) g m(l g S), respectively, to 
both sides. Part (b) implies (a) since /i(i)(ad*/i( 2 ))(/i 0 = h'S‘^{h). Finally, (c) implies (b) since 
(ad* /i(i))(Pi) g P2/i(2) = Pi g ad/i(i)(P2)/i(2) = Pi g hP2. □ 

Lemma 2.6. Let B be an H-bimodule and set := {b G B : hob = e{h)b, h G B}. Then 
B^ C B^^ C with the equality if S is invertible. 

Proof. Let h G IT. Then for all b G B^ we have hob = S'^(/i(2)) *S'(/i(4)) = S'^(/i(2))>S'(/i(4)) > 6 = 

iS'(/i(i) 5 (/i( 2 ))) i> 6 = e{h)b. On the other hand, for all b G , >S'(/i) t> 6 = e(/i(i))S(/i(2)) t> m = 
S'(/i( 3 ))S^(/i( 2 )) > rn< S'(/i(i)) = 5(5(/i(2))/i(3)) 0 m, <1 S{h(^i-j) = m< S{h). □ 

The following Lemma is well-known and can be proved similarly. 

Lemma 2.7. Z{H) = := {h' G H : {adh){h') = e{h)h', hGH}. □ 

By Lemma 2 . 5 (c) we have, for all h G P[, f, G 

^p{hof,) = (52(/i(2))>C<5(/i(i)))(Pi)P 2 = ^((ad* /i)Pi)P2 = e(Pi)(ad/i)(P2) = {adh)^p{i). 

Furthermore, if ^ then ^p{ho^) = e(/i)d>p(^) = (ad/i)$p(^), whence d>p(^) G Z{H). □ 

Proof of Theorem 1.8. Suppose that P satisfies (A g 1 )(P) = HPiO g g P2P2, for some 

T = ti g t2 g ^3 g O £ where P = Pi ® P 2 = P[® P 2 - Then for any G 

^p(e-o = {f-e){Pi)P2 = f{tiPit2)eit3P[u)P2P^ = it2>c<ti)iPi){u>e<h){p[)P2P' 

= ^p{t 2 >f,<ti)- <hp(t 4 > <1 ta). 

Take ^ £ Hy, ff G ILy,. Then ^ • ^' £ Hy^y, by Theorem 1 . 4 (a) and <l)p(^ • ^') £ Hv,p ■ Hy^p 
by (2.2). Therefore, P £ .^{H). Furthermore, assume that t 2 ti 0 t^s = 1 g 1 , and let G 
(H^)^. Then (2.2) yields ‘hp(^ • ^') = $p(t2H 0 ' ‘^*p(^ 4^3 = ^p {0 ' ^p{C')- This implies 

that P £ ./^^{H). □ 

2 . 4 . Applications. Let TS{H) be the set of pairs (P+,P“), G p[ 0 p[, such that • 

A{h) = A{h) ■ RtiR~ for all h G H and (A g 1 )(P=^) = PfgPlj, (1 g A)(P+) = P^3P^2- Clearly, 
(P, P) £ M{H) if P is an P-matrix for H. 

Lemma 2.8. Suppose that there exists g G H group-like such that gS'^{h) = hg for all hGH. Let 
(P+,P-) gM{H). Then P := R^i ■ R~ • (gg 1 ) £ J^(P) O .^o(P). 
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Proof. Write ^ 0 sf'. Since R 21 R ■ ^(h) = A(/i) • R 21 R we have 

P- (S’2 (g) l)(A(/i)) = r+rj;'g52(/i(i)) (g)r+r 2 '/i( 2 ) = rjrf/i(i)g (g) r+ rfh(^ 2 ) = A(h) • P. 

Thus, P ^ (H). Furthermore, (A (g) 1)(P) = R^ 2 ^ti^i 3 ^ 23 is ® g ® 1) = Pi (g) r^g (g) rf P 2 rf. 

Since (A (g) 1)(P“*') = rf 'Si sf Srf sf, by Lemma 2.5(b) we obtain 

(A g) 1)(P) = (ad* r+)(Pi) g) rjS 2 ^fg g P 2 sfrf = (ad* r+)(Pi) g r^Pi g P 2 P 2 

= P(r+)PiS2(s+) 0 r^s^Pl g P 2 P 2 . 

Thus, P G ^(P) with T = (P g g 1 g l)(Pi*o • P^i)- Finally, (m°^ g m'^){T) = P^(st)S(ri'*") g 
r+s+ = (P g 1 )(P+ • (P g 1)(P+)) = 1 g 1. Thus, P G □ 

If P is as in Lemma 2.8 we obtain 

^>p(/3y(u g/)) = rf {r^ rfg>vj)vrf = rf {rf > g{v)J <r^)vrf, v eV, f €V*. (2.3) 

Let k = Q(g) and let Uq{Q) be a quantized enveloping algebra corresponding to a symmetrizable 
Kac-Moody algebra g which is a Hopf algebra generated by Pj, Pj, z G / and P^, /r G A, where A is 
a weight lattice of 0 , with A(Pj) = IgPj + PjgPo,., A(Pi) = Pjgl + P_aigPi, A(P^) = P^gP^, 
e{Ei) = e{Fi) = 0 and s{K^) = 1, where a^, i ^ I are simple roots of g. Let /C be the subalgebra 
of P|j( 0 ) generated by the P^, /x G A. After [2,8], there exists a unique P-matrix in a weight 
completion Pg( 0 )gPg( 0 ) of the form R = RoRi where Pi G {g)SU~ (g) is essentially 0°^^ in the 
notation of [ 8 ] and satishes (e g l)(Pi) = (1 g e)(Pi) = 1 g 1, while Pq G /Cg/C is determined by 
the following condition: for any /C-modules such that K^\y± = idy±, /x,/x± G A, we have 

Po|y-(g>y+ = idy- 0 y+. Here (•,•) is the Kac-Killing form on A x A ([ 6 ]). The following is 

immediate. 

Lemma 2.9. Let P = ri g r 2 be as above. Let vx G H(A) (fx G V{X)*) be a highest (respectively, 

lowest) weight vector of weight A (respeetively, —X), X G A"*". Then ri \> vx S r 2 = vx S Pa 

nS fx<r2 = KxS fx- □ 

Proof of Theorem 1.10. Since H(A) is a simple highest weight module, D{V{X)) = k. Note that 
for any X, iJ, ^ A'*', H(A) g H(/x) is a simple Uq{g © g) = Ug{g) g Pg(g)-module of highest weight 
(A,/i). Twisting H(/x) with the anti-automorphism of Uq{g) interchanging Fi and Fi, we conclude 
that V{X) g H(A)* is a simple Pq(g)-bimodule. Taking into account that g = P- 2 p we obtain from 
Lemma 2.9 and (2.3) that ^p{f3y(^x){vx g /a)) = Kx{g>vx, fx)Kx G k^P 2 A- Since H(A) g H(A)* is 
cyclic on vx g fx as Pg(g)-module with the o action, Hy(^x) is cyclic on P 2 A as the ad Pg(g)-module 
by the above. Since /3y(A) is injective by Theorem 1.1(c) and <l>p is injective by [2], it follows that 
Hy(^X) — g ^(■^)*- This proves (a). Then the sum in (b) is direct by Proposition 1.7(b) and 
coincides with LL^^ p which is always a subalgebra of H. □ 

Proof of Theorem 1.11. Since D{V{X)) = k, Theorem 1.10 implies that ^Cy(A)j 

hence the assignment |17(A)| eA Cy(A) is an isomorphism kgg Po(^g) —>■ <I>p^((P^ )^) = Z{H<^^^p^) 
as in Proposition 1.7(c). By [7], Po(^g) = Po(g — mod) where g — mod is the category of hnite 
dimensional g-modules. On the other hand, each non-zero element of Z{Uq{g)) is ad-invariant, hence 
generates a one-dimensional ad 17g(g)-module and thus is contained in P<^ p by [5]. Therefore, 
Z{Uq{g)) C P^^,p^ hence Z{Uq{g)) = Z{H^^,p^). " ° □ 
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